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Let R =
((
i−1
n−j
))
1≤i,j≤n
, a = 1+
√
5
2
, λj = (−1)
n+ja2j−n−1, 1 ≤ j ≤ n,
uij =
j∑
k=1
(−1)i−k
(
i− 1
k − 1
)(
n− i
j − k
)
a2k−i−1
and uj = (uij)1≤i≤n.
In [1] Callan proves that Ruj = λjuj for 1 ≤ j ≤ n by what he calls a bracing
exercise in manipulating binomial coefficient sums. Here we give a generating function
approach that might be a bit simpler.
We need also the quantity b = 1−
√
5
2
.
Consider the generating function Ui(z) = z(1+ z)
n−i(az+ b)i−1. It is immediate that
Ui(z) =
n∑
j=1
uijz
j .
We must prove that (Ruj)i = (λjuj)i for all i with 1 ≤ i ≤ n. Now
(Ruj)i = [z
j ]
n∑
k=1
RikUk(z)
= [zj ]
n∑
k=1
(
i− 1
n− k
)
z(1 + z)n−k(az + b)k−1
= [zj−1](az + b)n−i
∑
k≥0
(
i− 1
k
)
(1 + z)k(az + b)i−k−1
= [zj−1](az + b)n−i
(
1 + b+ z(1 + a)
)i−1
.
On the other hand,
(λjuj)i = [z
j ]
n∑
j=1
(−1)n+ja2j−n−1uijz
j
= [zj ](−1)na−n−1
n∑
j=1
uij(−za
2)j
Date: November 3, 2018.
1
= [zj ](−1)na−n−1Ui(−za
2)
= [zj ](−1)na−n−1(−za2)(1− za2)n−i(b− a3z)i−1
= [zj−1](za− 1
a
)n−i(a2z − b
a
)i−1,
and the claim follows since b = − 1
a
, 1 + a = a2, and − b
a
= 1 + b.
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